Rules for integrands of the form (c x)" Pq[x] (a + bx?)”

10 [x"Pq[x*] (a+bx?)Pdax when "t ez

Derivation: Integration by substitution
Basis: If % € Z,then xr F[x?] = %Subst[ng[x], X, X2] 8x?

Rule 1.1.2.y.1: If =% € 7, then

Jx“‘ Pa[¥*] (a+bx?*)Pdx — : Subst[jx% Pq[x] (a+bx)?Pdx, x, xz]
2

Program code:
Int[x_"m_.*Pq_x(a_+b_.xx_"2)"p_.,x_Symbol] :=

1/2%Subst [Int [x” ((m-1) /2) *SubstFor [x*2,Pq,Xx] * (a+bxXx) *p,x],X,x"2] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x"2] && IntegerQ[ (m-1)/2]

2: J-(c x)"Pq[x] (a+bx*)?dx whenP,[x, @] =@

Derivation: Algebraic simplification
Rule 1.1.2.y.2: If Pq[x, @] == 0, then

1
J(c X)"Pq[x] (a+bx*)Pdx — - J(c x)"* PolynomialQuotient [Pq[x], X, x] (a+bx?)®dx
c

Program code:

Int[(c_.*x_)"m_.*Pq_=x(a_+b_.*x_"2)"p_.,x_Symbol] :=
1/c*Int[ (c*x)~(m+1) xPolynomialQuotient [Pq,x,x]* (a+b*x"2)~p,x]| /;
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && EqQ[Coeff[Pq,X,0],0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

3:J}cxﬂ(a+bxﬂp(f+hﬁ)dxwhm1ah(m+1)-bf(m+2p+3)=o,\m¢-1

Derivation: Special case of one step of the Ostrogradskiy-Hermite integration method

Rulel.1.2.y3:if ah (m+1) -bf (m+2p+3) ==0 A m+ -1,then

f(cx)™ (a+ bxz)""1

J.(cx)'“ (a+bx?)? (f+hx?) dx —
ac (m+1)

Program code:

Int[(c_.*x_)"m_.*xP2_x(a_+b_.*x_"2)"p_.,x_Symbol] :=
With[{f=Coeff[P2,x,0],g=Coeff[P2,x,1],h=Coeff[P2,x,2]},
h* (cxx)~ (m+1) * (a+bx*x*2) ~ (p+1) / (bxcx (m+2xp+3)) /;

EqQ[g,0] &% EqQ[axhx (m+1) -bxfx (m+2xp+3),0]] /;

FreeQ[{a,b,c,m,p},x] && PolyQ[P2,x,2] && NeQ[m,-1]

4: j(cx)“‘Pq[x] (a+bx*)?dx whenp+2ez*

Derivation: Algebraic expansion

Rule1.1.2.y.4:If p + 2 € Z*, then

~f(cx)mpq[x](a-pbxz)de — JHExpandIntegrand[(cx)mPq[x](a-+bx2)% x] dx

Program code:

Int[(c_.*x_)"m_.xPq_x(a_+b_.xx_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (cxx) “m*Pqx (a+bxx"2) *p,x],x] /;
FreeQ[{a,b,c,m},x] && PolyQ[Pq,x] && IGtQ[p,-2]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

5: jmeq[xz] (a+bx*)Pax whenfez A %+peZ‘A m+2q+2p+1<0

Derivation: Algebraic expansion and binomial recurrence 3b

o [om 2\ P Cox™ (asb )P g i (pa1)e1) foms2 2\ P
Basis: Jx (a +bx ) dX == S - Y Jx (a +bx ) d x

Note: Interestingly this rule eleminates the constant term of p,[x] rather than the highest degree term.
Rule1.1.2.y5:1f 2 ez A ™ +pezZ Am+2q+2p+1<0,letasr e, o] and
Qq-1[X?] - PolynomialQuotient[Pq[x?] - A, X2, X], then

Jx’" Pa[X%] (a+bxX?)Pdax —
AJ.X'“ (a+bx2)pdx+jxm*ZQq_1[x2] (a+bx?)Pdx —

A x™1 (a+bx2)p+1 1

+ Jx'“*z (a+bx?)? (a (m+1) Qq1[Xx*] ~Ab (m+2 (p+1) +1)) dx
a(m+1) a(m+1)

Program code:

Int[x_"m_«Pq_x (a_+b_.*x_"2)"p_,x_Symbol] :=

With[{A=Coeff[Pq,x,0],Q=PolynomialQuotient [Pq-Coeff[Pq,X,0],x"2,x]},

Axx” (m+1) * (a+bxx*2) ~ (p+1) / (a* (m+1)) + 1/ (ax (m+1)) *Int [X* (M+2) * (a+b*x"2) "p* (a* (M+1) *Q-Axbx (m+2% (p+1) +1) ) ,x] ] /3
FreeQ[{a,b},x] && PolyQ[Pq,x"2] && IntegerQ[m/2] && ILtQ[ (m+1)/2+p,0] && LtQ[m+Expon[Pq,x]+2%p+1,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

6. J(c x)"Pq[x] (a+bx?)Pdx whenp< -1

1: J(cx)qu[x] (a+bx*)Pdx whenp<-1 A m>0

Derivation: Algebraic expansion and quadratic recurrence 2a
Rulel.1.2.y6.1:if p< -1 A m> 0,
let Q- [x] - Polynomialquotient [Pq[x], a+bx?, x] and f + g x - PolynomialRemainder |[Pq[x], a+ b x?, x|, then
j(cx)qu[x] (a+bx?)Pdx —

J(cx)’" (f+8x) (a+bx2)de+J(cx)m-1 (€Xx) Qq-2[x] (a+bx2)p*1d1x —

(ex)" (a+bx2)P* (ag-bfx) c

+ J‘(cx)'“‘1 (a+bx2)p+1 (2ab (p+1) XQa.q[x] -~agm+bf (m+2p+3) x) dx
2ab (p+1)

2ab (p+1)

Program code:

Int[ (c_.*x_)"m_.*Pq_x (a_+b_.*x_"2)"p_,x_Symbol]
With[{Q=PolynomialQuotient [Pq,a+b*x"2,x],
f=Coeff[PolynomialRemainder [Pq,a+bxx"2,x],x,0],
g=Coeff[PolynomialRemainder [Pq,a+b*x"2,x],x,1]},
(C*X) “mx (a+b*x"2) ~ (p+1) * (a*g—b*f*x)/(Z*a*b* (p+1)) +
c/ (2xaxbx (p+1)) *Int [ (c*x)~(m-1) » (a+b*x"2) ~ (p+1) *ExpandToSum[z*a*b* (p+1) *x*Q-axgxm+bxfx (m+2xp+3) *x,x] ,x] ] /5

FreeQ[{a,b,c},x] & PolyQ[Pq,x] &% LtQ[p,-1] && GtQ[m,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

2. J(cx)'“Pq[x] (a+bx*)Pdx whenp<-1 A m3@

1: J(cx)qu[x] (a+bx*)Pdx whenp< -1 A mez-

Derivation: Algebraic expansion and trinomial recurrence 2b

Rulel1.1.2.y.6.2.1:if p< -1 Amez,
let Qn.q-2[X] - PolynomialQuotient[ (c x)"Pq[x], a+bx?, x]and
f + g x > PolynomialRemainder | (c x)"Pq[X], a+bx?, x|,then

j(cx)qu[x] (a+bx?)Pdx —

J(f+gx) (a+bx2)pdx+me+q_2[x] (a+bx2)"*1dlx —

-bf bx?)P* 1
(28 x) (a+bx’) + j(cx)'" (a+bx2)p+1 (2a (p+1) (€X) ™Quiqa[x] +F (2p+3) (cx)"") dx
2ab (p+1) 2a (p+1)

Program code:

Int[(c_.*x_)"m_.*Pq_=x (a_+b_.*x_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient[ (c#x)"m«Pq,a+bxx"2,x],
f=Coeff[PolynomialRemainder [ (cxX) “mxPq,a+bx"2,x],x,0],
g=Coeff[PolynomialRemainder [ (c*X) “mxPq,a+b*x"2,x],x,1]},
(a*g—b*f*x) * (a+bxx”~2) A (p+1) / (2*xaxbx (p+1)) +
1/ (2xa% (p+1) ) »Int[ (C*x) *mx (a+bxx"2)  (p+1) *ExpandToSum [2#ax (p+1) » (C*X) ~ (-m) *Q+F# (2%p+3) * (c#x) ~ (-m) ,x]|,x] ]| /3
FreeQ[{a,b,c},x] && PolyQ[Pq,x] && LtQ[p,-1] && ILtQ[m,0]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

2: J(cx)’"Pq[x] (a+bx*)Pdx whenp<-1 A m30

Derivation: Algebraic expansion and quadratic recurrence 2b

Rule1.1.2.y.6.2.2:If p< -1 A m % 0,
let Qq-2[x] - Polynomialquotient[P,[x], a+bx?, x] and ¥ + g X - PolynomialRemainder [Pq [X], a+bx?, x] , then

J(cx)“‘Pq[x] (a+bx?)Pdx —

J(cx)m (f+ex) (a+bx2)pdx+J(CX)qu-z[X] (a+bx?)Pdx —

(€ x)m™? (-F+gx) (a+bx2)p+1 1 )
_ + J}cxﬂ(a+bxﬂp*(2a(p+1)Qmﬂx]+f(m+2p+3)+g(m+2p+4)x)dx
2ac (p+1) 2a(p+1)

Program code:

Int[(c_.*x_)"m_.xPq_=(a_+b_.*x_"2)”"p_,x_Symbol]
With[{Q=PolynomialQuotient [Pq,a+bxx"2,x],
f=Coeff [PolynomialRemainder [Pq,a+bxx"2,X],X,0],
g=Coeff [PolynomialRemainder [Pq,a+bxx"2,x],X,1] },
= (C#X) N (M+1) % (F+gxX) * (a+bxx"2) A (p+1) / (2xaxCx (p+1)) +
1/ (2#ax (p+1) ) »Int [ (C*X) *Mmx (a+b#Xx"2) ~ (p+1) xExpandToSum|[2xax (p+1) #Q+Fx (M+2xp+3) +gx (M+2xp+4) #X,X] ,x]|] /;

FreeQ[{a,b,c,m},x] &% PolyQ[Pq,x] && LtQ[p,-1] && Not[GtQ[m,0]]



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

7: J(c X)"Pq[x] (a+bx?)Pdx whenm< -1

Derivation: Algebraic expansion and quadratic recurrence 3b

Note: If =1, no need to reduce integrand since f(cx)"p,(x1 (a+bx?)*ax can be expressed as a two term sum of
hyperbolic functions.

Rule1.1.2.y.7: If m < -1,
let Qq-1[x] - PolynomialQuotient[Pq[x], cx, x]Jand R - PolynomialRemainder [Py [Xx], ¢ X, X],then

j(cx)qu[x] (a+bx?)Pdx —

f(cx)"'*qu_l[x] (a+bx2)pd1x+RJ(cx)’" (a+bx?)Pdx —

R (c x)™? (a+bx2)p+1 1
+ Jh(cx)’“"1 (a+bx?)? (ac (m+1) Qq1[X] -bR (m+2p+3) x) dx
ac (m+1) ac (m+1)

Program code:

Int[ (c_.*x_)"m_xPq_=*(a_+b_.*x_"2)"p_,x_Symbol] :=

With[{Q=PolynomialQuotient[Pq,cx,x], R=PolynomialRemainder [Pq,c+X,X]},

R* (CxX)~ (m+1) * (a+bx*x*2) ~ (p+1) / (axCx (m+1)) +

1/ (axCx (m+1) ) *Int [ (c*x) " (m+1) » (a+b*xx”"2) *pxExpandToSum[axC* (M+1) *Q-b*R* (m+2xp+3) *X,X] ,X] ] /3
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x] && LtQ[m,-1] && (IntegerQ[2xp] || NeQ[Expon[Pq,x],1])



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

8: j(cx)'“Pq[x] (a+bx*)Pdx whenm+q+2p+1=0

Derivation: Algebraic expansion

Pq[x,q] (cx)md N (cx)™ (c9Pq[X]-Pq[x,q] (cx)9)
ca cA

Basis: (c x)" Pq[X] ==
Rule1l.1.2.y.8:1f m+qg+2p+1 == 9,then

J(cx)“‘Pq[x] (a+bx?)Pdx —

P, B 1
q[x—qq]j(cx)'"+q (a+bx*)Pdx+ Tj(cx)m (a+bx*)P (cTPq[x] - Pq[x, q] (cx)9) dx
c c

Program code:

Int[(c_.*x_)"m_.xPq_x(a_+b_.*x_"2)"p_.,x_Symbol] :=
With[{q=Expon[Pq,x]},
Coe-F-F[Pq,x,q]/c"q*Int [ (c*Xx) ™ (m+q) * (a+b*xx"2) *p,x] +
1/crg=Int[ (c*x) *mx (a+bxx"2) ~pxExpandToSum|c”q+Pq-Coeff[Pq,X,q] * (c*x) *q,X],x] /;
EqQ[q,1] || EqQ[m+q+2xp+1,0]] /;
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && Not[IGtQ[m,0] && ILtQ[p+1/2,0]]

9: j(cx)qu[x] (a+bx*)Pdx wheng>1 Am+q+2p+1#0 A (m¢z*V p+§+1ez*)

Derivation: Algebraic expansion and quadratic recurrence 3awithA =d,B=eandm=m-1
Rule1.1.2y9:l1fg>1 Am+gq+2p+1+0 A (m ¢ Z*V p+ % +1¢ Z+),letf—>Pq[x, a1, then

j(cx)'“Pq[x] (a+bx*)Pdx —

£ f
J(cx)'“ (Pq[x] - (cx)q] (a+bx?)Pdx+ TJ(Cx)m+q (a+bx*)Pdx —
c c



Rules for integrands of the form (d+e x)~m Pq(x) (a+b x+c x~2)"\p

f(cx)™a? (a+ bxz)"’+1

+
bcht m+q+2p+1)
1
—J(cx)“‘(a+bx2)"(b (M+q+2p+1) Pg[x] -bf (m+q+2p+1) xI-af (m+q-1)x%?) dx
b(m+q+2p+1)

Program code:

Int[(c_.*x_)"m_.*Pq_x (a_+b_.xx_"2)"p_,x_Symbol] :=
With[{q=Expon[Pq,x],f=Coeff[Pq,X,Expon[Pq,x]]},
fx (CxX) A (m+gq-1) x (a+b*x”2) ~ (p+1) / (bxc” (q-1) * (M+q+2xp+1)) +
1/ (bx (m+q+2#p+1) ) *Int [ (C*X) “mx (a+b*x"2) "pxExpandToSum|[bx (m+q+24p+1) xPq-b#Ffx (M+q+2xp+1) xx q-a*fx (M+q-1) »x" (q-2) , x| ,x] /;
GtQ[q,1] && NeQ[m+q+2*p+1,0]] /3
FreeQ[{a,b,c,m,p},x] & & PolyQ[Pq,x] && (Not[IGtQ[m,0]] || IGtQ[p+1/2,-1])



